Published by Institute of Physics Publishing for SISSA/ISAS Received: March 11, 2003 Revised: February 26, 2004 Accepted: April 9, 2004

Octonions, G_2 symmetry, generalized self-duality and supersymmetries in dimensions D ≤ 8^∗

Hitoshi Nishino and Subhash Rajpoot

Department of Physics & Astronomy, California State University 1250 Bellflower Blvd. Long Beach, CA 90840, U.S.A. E-mail: hnishino@csulb.edu, rajpoot@csulb.edu

Abstract: We establish N = (1/8, 1) supersymmetric Yang-Mills vector multiplet with generalized self-duality in euclidian eight-dimensions with the original full SO(8) Lorentz covariance reduced to SO(7). The key ingredient is the usage of octonion structure constants made compatible with SO(7) covariance and chirality in 8D. By a simple dimensional reduction together with extra constraints, we derive N = 1/8 + 7/8 supersymmetric selfdual vector multiplet in 7D with the full SO(7) Lorentz covariance reduced to G_2. We find that extra constraints needed on fields and supersymmetry parameter are not obtained from a simple dimensional reduction from 8D. We conjecture that other self-dual supersymmetric theories in lower dimensions D = 6 and 4 with respective reduced global Lorentz covariances such as SU(3) ⊂ SO(6) and SU(2) ⊂ SO(4) can be obtained in a similar fashion.

Keywords: M-Theory, Space-Time Symmetries, Supersymmetry and Duality.

∗Work supported in part by NSF Grant # 0308246.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep042004020 /jhep042004020 .pdf

Contents

1. Introduction 1

2. Self-dual N = (1/8, 1) supersymmetric vector multiplet in 8D 2

3. Self-dual N = 1/8 + 7/8 supersymmetric vector multiplet in 7D 8

4. Concluding remarks 14

A. Superspace for self-dual supersymmetric Yang-Mills in 8D 16

1. Introduction

The recent studies of M-theory [1] lead to an important conclusion that in order for realistic four-dimensional (4D) theory with chiral fermions to emerge out of 11D supergravity, the extra 7D manifold should have the reduced holonomy G_2 instead of the maximal SO(7). This is analogous to the case of superstring compactification from 10D into 4D with 6D Calabi-Yau manifold for with the reduced SU(3) holonomy instead of the maximal SO(6) ≈ SU(4).

For manifolds of homogeneous spaces with reduced holonomy, such as 8D with SO(7) ≈ Spin(7) holonomy, or G_2, SU(3), SU(2) holonomies respectively in dimensions D = 8, 7, 6 and 4, it is known that certain self-duality conditions for spin connection are playing important roles [2]–[4], such as leading to the desired holonomies of Spin(7), G_2, SU(3) and SU(2), respectively.

Motivated by these developments, the importance of self-duality in dimensions 5 ≤ D ≤ 8 has been more emphasized nowadays [5, 6, 3]. Symbolically, a self-duality condition in dimensions 5 ≤ D ≤ 8 looks like F_{μν} = (1/2)ϕ_{μν}^{ρσ}F_{ρσ} where the usual ϵ -tensor ϵ_{μν}^{ρσ} in 4D is generalized into a 4-th rank antisymmetric tensor ϕ_{μν}^{ρσ} which is constant under holonomies of certain manifolds, such as SO(8)/ SO(7) ≈ Spin(8)/ Spin(7) or SO(7)/G_2 ≈ Spin(7)/G_2. Since this ‘self-duality’ is not between the usual Hodge-dual tensors, but only between the second-rank tensors in these dimensions, it is sometimes called generalized self-duality [3, 5].

Self-dual supersymmetric vector multiplet in 4D [7] has been formulated with simple as well as extended supersymmetries [8, 9]. The main ingredient that bridges self-duality and supersymmetry in 4D is the chirality of fermions leading to the self-duality of the field strength under supersymmetry. However, in the case of higher-dimensional self-dualities in D = 8, 7, 6, 4, we need something more than the usual chirality, as will be explained

– 1 – later. We show in this paper that certain constraints on component fields and the parameter of supersymmetry play such a role of supersymmetrizing generalized self-dualities in dimensions D = 8 and 7 with covariances^1 under Spin(7) and G_2.

At the bosonic field level, ‘generalized’ self-dualities in higher dimensions have been considered for some time [3, 5]. There have been some important works in this direction, such as those by L. Baulieu et al. [10], and/or by Acharya et al. [11] with non-self-dual supersymmetry. Or exact solutions with euclidean manifolds with reduced holonomies are obtained based on D-brane solutions or other compactifications [12]. However, to our knowledge, there has been no explicit formulation for self-dual supersymmetric Yang- Mills theories themselves in 8D or 7D with reduced symmetries Spin(7) or G_2. The most important purpose of this paper is to fill this gap, i.e., presenting the explicit component formulation of supersymmetric Yang-Mills theories in 8D or 7D with generalized selfduality, inspecting the mutual consistency of all the needed conditions with enough details, in particular, associated with the subtlety mentioned above.

In the next section 2, we give the formulation of self-dual supersymmetric Yang-Mills theory with the reduced Lorentz covariance Spin(7) in 8D. This is done by imposing certain supersymmetric self-duality conditions on supersymmetric Yang-Mills theory in 8D. In section 3, we first use the simple dimensional reduction to get the supersymmetric Yang-Mills theory in 7D, before imposing any self-duality. Adopting a prescription similar to 8D, we next give self-dual supersymmetric Yang-Mills theory in 7D with the reduced Lorentz covariance G_2. After Concluding Remarks, we give the appendix for a superspace reformulation of self-dual supersymmetric Yang-Mills theory in 8D, that might be of great help for understanding the consistency of our total system, in particular with the commutator algebra and consistency among constraints, together with the reduced Lorentz covariance Spin(7) which is nontrivial and unconventional in supersymmetry.

2. Self-dual N = (1/8, 1) supersymmetric vector multiplet in 8D

We start with a Yang-Mills vector multiplet in euclidean 8D, before imposing generalized self-duality, as the foundation for self-dual case. Before imposing such a condition, the system has non-chiral N = (1, 1) supersymmetry.^2 The spinor structures in such euclidean 8D space can be easily understood by the general formulations in [13].

The field content of N = (1, 1) Yang-Mills vector multiplet is (A_μ^I , λ_α^I , B^I , C^I ) with 8 + 8 degrees of freedom for each value of adjoint indices I, J, . . . = 1, 2, . . . , dim G for a gauged non-abelian group G. The λ is a 16-component Majorana spinor in euclidean 8D [13], while the B and C fields are respectively real scalar and pseudo-scalars. We

1Here we use the term ‘covariances’ instead of holonomy, because these symmetries are global in this paper._2

The notation N = (1, 1) means N = 1 left-handed (8s) and N = 1 right-handed (8c) supersymmetries. This is distinguished from the chiral supersymmetries N = (1/8, 1) for self-dual supersymmetry described later. See also the next paragraph after eq. (2.24).

– 2 – γ -matrices I γ^μ γ^{⌊⌈2⌋⌉} γ^{⌊⌈3⌋⌉} γ^{⌊⌈4⌋⌉} γ^{⌊⌈5⌋⌉} γ^{⌊⌈6⌋⌉} γ^{⌊⌈7⌋⌉} γ^{⌊⌈8⌋⌉} Sum Total # of Components 1 8 28 56 70 56 28 8 1 256 Symmetric 1 8 - - 70 56 - - 1 136 Anti-Symmetric - - 28 56 - - 28 8 - 120

Table 1: Numbers of degrees of freedom of γ-matrices in euclidean 8D.

use μ, ν, . . . = 1, 2, . . . , 8 for the 8D space indices, and α, β, . . . = 1, 2, . . . , 16 for spinorial indices for Majorana spinors in 8D, while our metric is (η_{μν} ) = diag(+, +, . . . , +) and {γ_μ, γ_ν } = +2η_{μν} , ϵ^{12...8} = +1, γ_9 ≡ γ_1γ_2 · · · γ_8 [13].

Before fixing our lagrangian, we give some preliminaries for readers who are less familiar with spinors in 8D. On the basis of the known classification of possible supersymmetry algebras in various dimensions [13], the readers should note the following facts: the most crucial feature in 8D is that the charge-conjugation matrix is symmetric [13], which can be chosen to be the Kronecker’s delta: C_{αβ} = δ_{αβ} . Accordingly, we can choose the symmetries of the gamma matrices in 8D as in the table 1.

In table 1, the numbers in the square brackets γ^{⌊⌈n⌋⌉} for the γ -matrices are for n -th rank totally antisymmetric tensorial indices, e.g., γ^{⌊⌈3⌋⌉} ≈ γ^{μνρ}. Now we see that we can choose both the identity matrix and γ^μ to be symmetric in 8D. Of course, we can have an alternative option, such as γ^{⌊⌈n⌋⌉} and γ^{⌊⌈8−n⌋⌉} are completely flipped around, so that I, γ^{⌊⌈3⌋⌉}, γ^{⌊⌈4⌋⌉}, γ^{⌊⌈7⌋⌉}, γ^{⌊⌈8⌋⌉}, are now symmetric with total 136 components, while the remaining 120 components are anti-symmetric [13]. However, in such a case, γ^μ becomes antisymmetric, so that we have the spinorial inner product (ψγ^μχ) = +(χγ^μψ), which is not desirable for supersymmetry commutator algebra, because we need (ϵ_1γ^μϵ_2) = −(ϵ_2γ^μϵ_1) for two supersymmetry transformations δ_Q(ϵ_1) and δ_Q(ϵ_2). For this reason, we follow the first option as in Table 1 so that γ^μ is symmetric, and therefore (ψγ^μχ) = −(χγ^μψ), as desired. As a matter of fact, we can also reformulate the whole system in superspace, as will be performed in the appendix as a good cross examination.^3

Upon this assignment of γ -matrix symmetry, general spinorial inner products have the properties (ψγ^{μ1...μn} χ) = −(−1)^{n(n−1)/2}(χγ^{μ1···μn} ψ) and (ψγ^{μ1 ···μn} χ)^† = −(ψγ^{μ1...μn} χ) [13]. This is due to the properties such as (γ_μ)^† = +γ_μ, ψ ≡ ψ^†, ψ^∗ = ψ, because both A and B -matrices in [13] can be an unit matrix. As has been mentioned, since C_{αβ} = δ_{αβ} , spinorial indices need no distinctions for raising/lowering, e.g., (ψγ^μχ) ≡ ψ_α(γ^μ)_{αβ} χ_β.

We are now ready to present our invariant action I_{8D} ≡ ∫ d^8x L_{8D} with the lagrangian^4

L_{8D} = − 1 4 ( F_{μν}^I )_2 − i ( λ^I γ^μD_μλ^I ) + 1 2 ( ∂_μB^I )_2 − 1 2 ( ∂_μC^I )_2 − − if^{IJK}B^I ( λ^J λ^K ) + if^{IJK}C^I ( λ^J γ_9λ^K ) + 1 2 (f^{IJK}B^J C^K )^2 , (2.1)

3Note also that we can formulate self-dual supergravity in superspace based on the same notation, as in [14]._4

This lagrangian itself is not a new result. In fact, it coincides with a lagrangian given in the first paper in [11] which was obtained in a BRST formulation.

– 3 – invariant under N = (1, 1) supersymmetry

δ_QA_μ^I = +i ( ϵγ_μλ^I ) , δ_QB^I = +i ( ϵλ^I ) , δ_QC^I = +i ( ϵγ_9λ ) , (2.2a)

δ_Qλ^I = − 1 4 (γ^{μν} ϵ) F_{μν}^I + 1 2 (γ^μϵ) D_μB^I + 1 2 ( γ_9γ^μϵ ) D_μC^I − 1 2 f^{IJK} ( γ_9ϵ ) B^J C^K . (2.2b)

Here f^{IJK} are the structure constants of the gauge group G.

The closure of our supersymmetry is easily confirmed on each field, as

⌊⌈δ_Q(ϵ_1), δ_Q(ϵ_2)⌋⌉ = δ_P (ξ^μ) , ξ^μ ≡ +i(ϵ_2γ^μϵ_1) , (2.3)

where δ_P is the translation operator as usual in supersymmetric theories.

In the superinvariance confirmation of our action, we encounter the cancellation of λ^3 -terms, that need the Fierz identity [(ψ_1γ_μψ_2)(ψ_3γ^μψ_4) − (ψ_1ψ_2)(ψ_3ψ_4) + (ψ_1γ_9ψ_2) × (ψ_3γ_9ψ_4)] +(2 perms.) ≡ 0, where (2 perms.) is needed for the total antisymmetrization under 2 ↔ 3 ↔ 4.

The field equations of our system are now

D/ λ^I + f^{IJK}λ^J B^K − f^{IJK} γ_9λ^J C^{K ·}= 0 , (2.4a) D_ν F_μ^{ν I} − if^{IJK} ( λ^J γ_μλ^K ) − f^{IJK}B^J D_μB^K + f^{IJK}C^J D_μC^{K ·}= 0 , (2.4b) D^2_μB^I + if^{IJK} ( λ^J λ^K ) − f^{IJK}f^{KLM} B^LC^J C^{M ·}= 0 , (2.4c) D^2_μC^I + if^{IJK} ( λ^J γ_9λ^K ) − f^{IJK}f^{KLM} B^J B^LC^{M ·}= 0 , (2.4d)

where^·= symbolizes a field equation distinct from identities.

We are now ready to consider generalized self-duality [3, 5] consistent with supersymmetry in 8D. The most important ingredients are the definitions of the 4-th rank antisymmetric SO(7) -invariant constant f_{μνρσ} defined in terms of octonion structure constants ψ_{μνρ} [6]:

ψ_{123} = ψ_{516} = ψ_{624} = ψ_{435} = ψ_{471} = ψ_{673} = ψ_{572} = +1 , ϕ_{4567} = ϕ_{2374} = ϕ_{1357} = ϕ_{1276} = ϕ_{2356} = ϕ_{1245} = ϕ_{1346} = +1 , ϕ_{μνρσ} ≡ + ( 1 3! ) ϵ^{μνρστ λωψ} ψ_{τ ωψ} . (2.5) Thus ϕ_{μνρσ} and ψ_{μνρ} are dual to each other. Now f_{μρστ} are defined by f_{μνρ8} ≡ ψ_{μνρ} , f_{μνρσ} ≡ ϕ_{μνρσ} (for μ, ν, ρ = 1, 2, . . . , 7) , (2.6) so that explicitly, we have

f_{1238} = f_{5168} = f_{6248} = f_{4358} = f_{4718} = f_{6738} = f_{5728} = +1 , f_{4567} = f_{2374} = f_{1357} = f_{1276} = f_{2356} = f_{1245} = f_{1346} = +1 . (2.7)

Accordingly, they also satisfy the self-duality in 8D: f^{μνρσ} = + 1 4! ϵ^{μνρστ λωψ} f_{τ λωψ} , (2.8)

– 4 –

Even though f_{μνρσ} is not covariant under the full SO(8) ≈ Spin(8), it is covariant under its subgroup SO(7) ≈ Spin(7). Accordingly, the system has now the covariance under SO(7) ≈ Spin(7) reduced from the full SO(8) ≈ Spin(8). In other words, the usual concept of ‘Lorentz covariance’ has also a reduced meaning.

Several useful relationships associated with the f’s are such as^5 [6] f_{μνρσ}f^{στ λω} = −6δ_{⌊⌈μ}^τ δ_ν^λδ_{ρ⌋⌉}^ω + 9f_{⌊⌈μν}^{⌊⌈τ λ}δ_{ρ⌋⌉}^{ω⌋⌉} , f_{μνρσ}f^{ρστ λ} = +12δ_{⌊⌈μ}^τ δ_{ν⌋⌉}^λ − 4f_{μν}^{τ λ} , f_{μ⌊⌈3⌋⌉}f^{ν⌊⌈3⌋⌉} = +42δ_μ^ν , ( f_{⌊⌈4⌋⌉} )_2 = +336 . (2.9)

The symbol ⌊⌈n⌋⌉ denotes totally antisymmetric n indices. The chirality projectors in 8D P ≡ I + γ_9 2 , N ≡ I − γ_9 2 , (2.10)

and the projectors [6, 3, 5] P_{μν}^{ρσ} ≡ 3 4 ( δ_{⌊⌈μ}^ρδ_{ν⌋⌉}^σ + 1 6 f_{μν}^{ρσ} ) , N_{μν}^{ρσ} ≡ 1 4 ( δ_{⌊⌈μ}^ρδ_{ν⌋⌉}^σ − 1 2 f_{μν}^{ρσ} ) , (2.11)

with the γ -matrix combination f ≡ 1 4! f^{μνρσ}γ_{μνρσ} , (2.12) we get useful relationships, such as

f = fγ_9 = γ_9f , fγ_μ = − 1 3 f_μ^{⌊⌈3⌋⌉}P γ_{⌊⌈3⌋⌉} , γ_μf = + 1 3 f_μ^{⌊⌈3⌋⌉}Nγ_9γ_{⌊⌈3⌋⌉} , P_{μν}^{ρσ}P_{ρσ}^{τ λ} = P_{μν}^{τ λ} , N_{μν}^{ρσ}N_{ρσ}^{τ λ} = N_{μν}^{τ λ} , P_{μν}^{ρσ}N_{ρσ}^{τ λ} = N_{μν}^{ρσ}P_{ρσ}^{τ λ} = 0 , P ≡ 1 8 ( P + 1 2 f ) , Q ≡ 7 8 ( P − 1 14 f ) , P^2 = P , Q^2 = Q , PQ = QP = 0 . (2.13)

Armed with these relationships, we are ready to formulate supersymmetric generalized self-duality in 8D. Following the pattern with the self-duality in 4D [8, 9], we expect such generalized self-duality is closely associated with chirality in 8D. The simplest choice is just to impose the conditions P λ = 0 or Nλ = 0. Now, as the flipping property in 8D shows, e.g., (ψχ) = −(χψ), (ψγ_μχ) = −(χγ_μψ), (ψγ_9χ) = −(χγ_9ψ), the product (ϵγ_μλ) in (2.2a) makes sense, only if ϵ and λ have opposite chiralities. However, the problem is (2.2b), showing that both ϵ and λ should have the same chirality. In other words, imposing only the chirality condition is not enough for supersymmetric generalized self-duality. On the other hand, we also anticipate that chirality is crucial from experience in 4D [8, 9].

What we need is not only the chirality condition^6

λ_+^I ≡ P λ^I ≡

I + γ_9 2 λ^{I ∗}= 0 , (2.14)

5Even though we are in euclidean 8D, it is sometimes convenient to use both super and subscripts in equations like (2.9) with multiple anti-symmetrizations.

6We use the symbol^∗= for conditions related to generalized self-duality.

– 5 – but also certain constraint on the parameter of supersymmetry ϵ_+. In fact, it has been known [3] that the parameter ϵ is subject to Killing spinor condition on our particular SO(7) as a subgroup of the total SO(8) Lorentz covariance P_{μν}^{ρσ}γ_{ρσ}P ϵ ≡ γ^{μν}_{(+)}ϵ_+^∗= 0, which is the necessary and sufficient condition of Qϵ_+^∗= 0:

Qϵ_+ = 7 8 ( P − 1 14 f ) ϵ_+^∗= 0 ⇐⇒ γ^{(+)}_{μν} ϵ_+^∗= 0 , (2.15)

Once (2.14) and (2.15) are imposed, we can take the variation of the former under supersymmetry (2.2) to get all other bosonic field equations:

0^∗= δ_Qλ^I_+^∗= − 1 4 γ^{μν}_{(−)} ϵ_+N_{μν}^{ρσ}F_{ρσ}^I + 1 2 γ^μϵ_−D_μ(B^I + C^I ) − 1 2 ϵ_+f^{IJK}B^J C^K . (2.16)

Demanding each term of different γ -matrix structures to vanish yields N_{μν}^{ρσ}F_{ρσ}^{I ∗}= 0 ⇐⇒ F_{μν}^{I ∗}= + 1 2 f_{μν}^{ρσ}F_{ρσ} , (2.17a) D_μ ( B^I + C^I )_∗ = 0 ⇐⇒ B^{I ∗}= − C^I . (2.17b)

Eq. (2.17b) is due to gauge covariance under the gauge group G.

The mutual consistency among the conditions (2.17), (2.14), (2.15) with supersymmetry (2.2) is confirmed as follows: first of all, the variation of (2.17b) under (2.18) is easily shown to vanish under (2.14). Next, the supersymmetric variation of (2.17a) is

0^?= δ_Q(N_{μν}^{ρσ}F_{ρσ}^I )^∗= − 2iN_{μν}^{ρσ}(ϵ_+γ_ρD_σλ_−^I )^∗= − i 7 N_{μν}^{ρσ}(ϵ_+fγ_ρD_σλ_−^I ) ∗= − i 7 N_{μν}^{ρσ}(ϵ_+⌊⌈f, γ_ρ⌋⌉D_σ λ_−^I ) − i 7 N_{μν}^{ρσ} ( ϵ_+γ_ρD_σ ( fλ_−^I ))

∗= + i 84 f_{⌊⌈μ|}^{⌊⌈3⌋⌉} ( ϵ_+γ_{⌊⌈3⌋⌉}D_{|ν⌋⌉}λ_−^I ) − i 168 ( +6δ_μ^τ δ_ν^λδ_σ^ω − 9f_{⌊⌈μν}^{τ λ}δ_{σ⌋⌉}^ω ) ( ϵ_+γ_{τ λω}D^σλ_−^I )

∗= + i 84 f_{⌊⌈μ|}^{⌊⌈3⌋⌉} ( ϵ_+γ_{⌊⌈3⌋⌉}D_{|ν⌋⌉}λ_−^I ) + i 14 ( ϵ_+γ_{⌊⌈μ}D_{ν]}λ_−^I ) − i 28 ( ϵ_+f_{μν}^{ρσ}γ_ρD_σλ_−^I ) − − i 28 f_{⌊⌈μ}^{⌊⌈2⌋⌉ρ} ( ϵ_+γ_{|ν⌋⌉⌊⌈2⌋⌉}D_ρλ_−^I )

∗= + 2i 7 N_{μν}^{ρσ} ( ϵ_+γ_ρD_σλ_−^I ) − i 21 f_{⌊⌈μ}^{ρστ} A_{ν⌋⌉ρστ} , (2.18) where A_{μνρσ} ≡ (ϵ_+γ_{⌊⌈μνρ}D_{σ⌋⌉}λ_−^I ), and we used frequently the relationships (2.11)–(2.13) leading to fλ_−^I = fNλ_−^I ≡ 0, constraints (2.14) and (2.16), with the λ -field equation (2.4a) with (2.17b):

γ^μD_μλ_−^{I ·}= 0 , (2.19)

Since the first term in the last side of (2.18) is proportional to its second side with a non-unity coefficient, all we have to show is that the vanishing of the last term in (2.18) on-shell. First, we show that A_{μνρσ} is on-shell anti-self-dual: A_{⌊⌈4⌋⌉}^·= − (1/4!) ϵ_{⌊⌈4⌋⌉}^{⌊⌈4⌋⌉′} A_{⌊⌈4⌋⌉}′ which can be easily done, once we can show that γ_{⌊⌈μνρ}D_{σ⌋⌉}λ_−^{I ·}= − 1 24 ϵ_{μνρσ}^{τ λωψ}γ_{τ λω}D_ψλ_−^I , (2.20)

– 6 – under (2.19). Second, we apply the lemma S_{⌊⌈μ}^{⌊⌈3⌋⌉}A_{ν⌋⌉⌊⌈3⌋⌉} ≡ 0 , (2.21) for an arbitrary self-dual (or anti-self-dual) tensor S_{⌊⌈4⌋⌉} (or A_{⌊⌈4⌋⌉}), to the tensors f_{⌊⌈4⌋⌉} and A_{⌊⌈4⌋⌉}: f_{⌊⌈μ}^{⌊⌈3⌋⌉}A_{ν⌋⌉⌊⌈3⌋⌉}^·= 0. This verifies the vanishing of the last term of (2.18), as desired.

Eventually our supersymmetric self-dual system is characterized by the reduced N = (1/8, 1) supersymmetry transformation rule

δ_QA_μ^I = +i ( ϵ_+γ_μλ^I_− ) , (2.22a)

δ_Qλ^I_− = − 1 4 ( γ^{μν} ϵ_− ) F^{(+) I}_{μν} + (γ^μϵ_+) D_μB^I , (2.22b)

δ_QB^I = +i ( ϵ_−λ^I_− ) , (2.22c)

where F^{(+) I}_{μν} ≡ P_{μν}^{ρσ}F_{ρσ} and ϵ_+ subject to the condition (2.15). Now our supersymmetrized generalized self-duality conditions are (2.14), (2.17) and (2.15) all with the symbol ∗= , consistent with supersymmetry (2.22). Eq. (2.17a) is nothing other than the generalized self-duality of F_{μν}^I , while (2.17b) deletes one degree of freedom out of two between the two fields B and C.

We mention that the closure of supersymmetry after imposing the self-duality conditions (2.14) through (2.17) is also straightforward to confirm:

⌊⌈δ_Q(ϵ_1), δ_Q(ϵ_2)⌋⌉ = δ_P (ξ^μ) , ξ^{μ ∗}= +i(ϵ_{2+}Pγ^μϵ_{1−}) − i(ϵ_{1+}Pγ^μϵ_{2−}) ∗= +i(ϵ_{2+}γ^μϵ_{1−}) − i(ϵ_{1+}γ^μϵ_{2−}) = +i(ϵ_2γ^μϵ_1) . (2.23)

In particular, the closure on A_μ^I needs a special care: due to (2.15), we easily see that − i 4 (ϵ_{2+}γ_μγ^{ρσ}ϵ_{1−})F^{(+)I}_{ρσ}^∗= − i 4 (ϵ_{2+}⌊⌈γ_μ, γ^{ρσ}⌋⌉ϵ_{1−})F^{(+)I}_{ρσ} = +i(ϵ_{2+}γ^ρϵ_{1−})F_{ρμ} . (2.24)

Eventually, the commutator algebra (2.24) coincides formally with (2.3), but it is based on intricate spinorial properties associated with self-duality.

A special explanation is needed about our notation N = (1/8, 1). This symbol shows the representations of the original supercharges in the (8_s, 8_c) of SO(8) reduced to the (1, 8) of Spin(7). This is because of the embeddings 8_s → 7 + 1 and 8_c → 8 under the holonomy reduction SO(8) → Spin(7). Since 7 components in the 8_s are deleted, while 8_c becomes the 8 of Spin(7), the original supercharges (8_s, 8_c) become the (1, 8) of Spin(7). This counting is also obvious from the projection operators Q in (2.15) whose trace is seven, deleting seven components in ϵ_+. The reason we use the quotient 1/8 is that when both of the original supercharges are the 8_s and 8_c, meaning N = (1, 1) supersymmetry, we need a normalization factor 8, and the resulting supersymmetry is normalized to N = (1/8, 1). Due to the asymmetry between left and right supercharges, this also means the ‘chiral’ nature of the system. Eventually in the self-dual multiplet (A_μ^I , λ_−^I , B^I ) has 4+4 physical degrees of freedom, because λ_−^I has negative chirality with 8 components with 4 physical

– 7 – degrees of freedom, while A_μ^I is self-dual with 3 physical degrees of freedom. Accordingly, the parameters as well as the supersymmetry charges exist for both chiralities, like ϵ_+ (1 component) and ϵ_− (8 components).

All of these can be also summarized in terms of supersymmetry algebra. The original N = (1, 1) algebra {Q_α, Q_β } = (γ^μ)_{αβ} P_μ (2.25)

is reduced into N = (1/8, 1):

{Q_{α+}, Q_{β−}} = (Pγ^μ)_{α+β−}P_μ . (2.26)

Due to the projector P, the α -index in (2.26) has effectively only one component corresponding to the 1 of Spin(7), while β = 1, 2, . . . , 8 for the 8 of Spin(7). Eq. (2.26) is also equivalent to (A.9) in the appendix, where the indices α and . β are used in the latter instead of α+ and β− in the former.

Note also that if the generalized self-duality (2.17a) is substituted back into our lagrangian (2.1), the kinetic term of the A_μ -field becomes a total divergence, as a topological invariant [3, 5], as in self-dual vector theories in 4D [8, 9]. Relevantly, the kinetic terms of B and C under (2.17b) cancel each other, explaining the opposite signs in their kinetic terms that looked unusual at first glance. As expected by supersymmetry, the kinetic term of λ becomes also a total divergence under (2.14), as can be easily confirmed with the aid of (2.10)–(2.13). Additionally, the potential term in (2.1) also vanishes, resulting in a lagrangian completely vanishing modulo a total divergence, upon (2.14), (2.17a) and (2.17b).

The covariance of our generalized (anti)self-duality conditions (2.17a) and the generalized chirality condition (2.14) under supersymmetry provides a good confirmation of the consistency of our total system. The chirality in 8D collaborates with the generalized self-duality condition under an extra Killing spinor condition (2.15) for N = (1/8, 1) supersymmetry.

3. Self-dual N = 1/8 + 7/8 supersymmetric vector multiplet in 7D

Once we have established the self-dual supersymmetric theory in 8D, a similar self-dual supersymmetric Yang-Mills theory in 7D can be also obtained by a simple dimensional reduction [15], with some additional constraints. The resulting theory will get the original SO(7) Lorentz covariance now broken down to G_2. Interestingly, we can impose again a generalized self-duality on field strengths even though 7D is odd dimensional. Similarly to the case of 8D, the system has N = 2 supersymmetry before imposing supersymmetric self-duality conditions. After imposing such self-duality conditions, N = 2 supersymmetry is reduced to N = 1/8 + 7/8 whose meaning will be clarified in the paragraph after (3.22).

The field content for N = 2 supersymmetric Yang-Mills theory in euclidean 7D is (A_μ^I , λ_A^I , B^I , C^I , A^I ), where the new indices A, B, . . . = +, − are needed for doubling of 8- component Majorana spinor in 7D, corresponding to N = 2 supersymmetries. The indices +, − correspond to the positive and negative eigen-components of the Pauli matrix σ_3, as

– 8 –

(σ_3)_{++} = +1, (σ_3)_{−−} = −1. The new scalar field A^I is from the 8-th component of the vector A_μ^I in 8D. We have in total 8+8 physical degrees of freedom out of A_μ^I (5), λ_A^I (2× 4), A^I (1), B^I (1), C^I (1). This explains the need of the additional index A for the pseudo- Majorana [13] fermion λ_A^I . The charge conjugation matrix is symmetric in 7D [13], which can be chosen to be the Kronecker’s delta: C_{αβ} = δ_{αβ} . Relevantly, ψ = ψ^†, ψ^∗ = ψ, because both A and B -matrices in [13] can be an unit matrix. Accordingly, we do not have to distinguish raising or lowering these spinorial indices α, β, . . .. The same is also true for the indices A, B, . . ., as can be understood from dimensional reduction. The basic flipping and hermitean conjugation properties in 7D are (ψ_Aγ^{⌊⌈n⌋⌉}χ_B ) = −(−1)^{n(n+1)/2} (χ_B γ^{⌊⌈n⌋⌉}ψ_A) and (ψ_Aγ^{⌊⌈n⌋⌉}χ_B )^† = −(−1)^n(ψ_Aγ^{⌊⌈n⌋⌉}χ_B ).

Before giving our lagrangian, we give the basic rule of our simple dimensional reduction [15] for the γ -matrices. Using the symbol ^ for all the 8D quantities and indices only in this section, we have ^C_{α̂β̂} = δ_{α̂β̂} = C_{αβ} δ_{AB} = δ_{αβ} δ_{AB} , (^γ_μ)_{α̂β̂} = (γ_μ)_{αβ} (σ_2)_{AB} , (^γ_8)_{α̂β̂} = δ_{αβ} (σ_1)_{AB} , (^γ_9)_{α̂β̂} = δ_{αβ} (σ_3)_{AB} . (3.1)

Here the matrices σ_1, σ_2, σ_3 are the standard Pauli matrices. These ansatz are fixed by the requirement of the right Clifford algebra {γ_μ, γ_ν } = +2δ_{μν} , the antisymmetry (γ_μ)^T = −γ_μ, and the hermiticity (γ_μ)^† = γ_μ in 7D [13]. Accordingly, we have the field assignments

^A_{μ̂} = { ^A_μI = A_μI , ^A_8I = AI , (3.2a)

^λ_{α̂} = λ_{α A} , ^B^I = B^I , ^C^I = C^I . (3.2b)

We have also to comply with the above-mentioned symmetry and hermiticity for (ψ_Aγ^{⌊⌈n⌋⌉} χ_B ) in 7D [13]. These properties explain the needs of an extra antisymmetric matrix σ_2 and the imaginary unit in the parameter of translation ξ^μ ≡ +i(ϵ_2 σ_2γ^μϵ_1), such that it is antisymmetric under the two supersymmetry parameters ϵ_1 ↔ ϵ_2.

Applying these rules to our previous 8D system, we get our lagrangian in 7D as

L_{7D} = − 1 4 (F_{μν}^I )^2 − i(λ^I σ_2γ^μD_μλ^I ) + 1 2 (D_μB^I )^2 − 1 2 (D_μC^I )^2 − 1 2 (D_μA^I )^2 −

− if^{IJK} B^I (λ^J λ^K ) + if^{IJK} C^I (λ^J σ_3λ^K ) + if^{IJK}A^I (λ^J σ_1λ^K ) + + 1 2 (f^{IJK}B^J C^K )^2 + 1 2 (f^{IJK}A^J B^K )^2 − 1 2 (f^{IJK}C^J A^K )^2 , (3.3)

whose action I_{7D} ≡ ∫ d^7x L_{7D} is invariant under N = 2 supersymmetry

δ_QA_μ^I = +i(ϵσ_2γ_μλ^I ) ,

δ_Qλ_A^I = − 1 4 γ^{μν} ϵ_AF_{μν}^I + 1 2 (σ_2γ^μϵ)_AD_μB^I − i 2 (σ_1γ^μϵ)_AD_μC^I + i 2 (σ_3γ^μϵ)_AD_μA^I − − 1 2 f^{IJK}(σ_3ϵ)_AB^J C^K + 1 2 f^{IJK}(σ_1ϵ)_AA^J B^K + i 2 f^{IJK}(σ_2ϵ)_AA^J C^K ,

δ_QB^I = +i(ϵλ^I ) , δ_QC^I = +i(ϵσ_3λ^I ) , δ_QA^I = +i(ϵσ_1λ^I ) . (3.4)

– 9 –

Since we do not have to distinguish raising and lowering the indices A, B, . . ., the multiplication by the Pauli matrices is easy, e.g., (λ^I σ_2γ^μD_μλ^I ) ≡ λ_{αA}^I (σ_2)_{AB} (γ^μ)_{αβ} D_μλ_{βB}^I . As in the 8D case, we can easily confirm the commutator algebra

⌊⌈δ_Q(ϵ_1), δ_Q(ϵ_2)⌋⌉ = δ_P (ξ^μ) , ξ^μ ≡ i(ϵ_2σ_2γ^μϵ_1) ≡ iϵ_{2αA} (σ_2)_{AB} (γ^μ)_{αβ} ϵ_{1βB} . (3.5)

If one is not familiar with the usage of the antisymmetric matrix σ_2, one is referred to [16, eq. (2.2)] on 6D supergravity, where supertorsion has the component T_{αβ}^c = i(σ^c)_{αβ} ϵ_{ij} with the antisymmetric metric ϵ_{ij} of Sp(1) group. Note that the γ -matrix in 6D is antisymmetric, and that is the reason why we need the extra tensor ϵ_{ij}. Due to the similarity in γ -matrix structures between 7D and 6D, it is natural that we have such an antisymmetric matrix in (3.5).

We now look into supersymmetric generalized self-duality in 7D. There is a subtlety associated with the compatibility of simple dimensional reduction [15] from 8D and generalized self-duality within 7D. Upon the dimensional reduction from 8D, we expect that eqs. (2.17) and (2.14) yield conditions like F_{μν}^{I ∗}= (1/2)f_{μν}^{ρσ}F_{ρσ}^I or B^{I ∗}= − C^I , or a condition corresponding to ^P ^λ^{I ∗}= 0, etc. However, we soon find that this is not enough for supersymmetry. For example, we notice that the scalar field A^I is to vanish, because it will generate a new gradient term of A in 7D out of ^F_{μ̂ν̂}^{I ∗}= (1/2) ^f_{μ̂ν̂}^{ρ̂σ̂} ^F_{ρ̂σ̂}^I . Once A vanishes, its supersymmetric transformation (3.4) tells that the combination (ϵσ_1λ) should also vanish. However, we do not get such a condition directly by a simple dimensional reduction [15] of the conditions on fields (2.14) and (2.17) in 8D, or on the constraint (2.15) on the parameter ^ϵ.

After studying the mutual consistency of these conditions, we arrive at the following set of constraints on fields: F_{μν}^{I ∗}= 1 2 ϕ_{μν}^{ρσ}F_{ρσ}^I , (3.6a)

λ_+^{I ∗}= 0 , (3.6b) Pλ_−^{I ∗}= 0 , (3.6c) B^{I ∗}= −C^I , (3.6d) A^{I ∗}= 0 , (3.6e)

and constraints on the parameter of supersymmetry (Killing spinor conditions) [3]:

γ^{μν}_{(+)} ϵ_+ ≡ P^{μνρσ} γ_{ρσ} ϵ_+^∗= 0 , (3.7a)

N ϵ_+^∗= 0 , (3.7b) Pϵ_−^∗= 0 . (3.7c)

Eq. (3.7b) is a necessary condition of (3.7a). The ϕ_{μνρσ} are given in (2.6) with ϕ^{[4⌋⌉} ≡ (1/3!) ϵ^{⌊⌈4⌋⌉⌊⌈3⌋⌉} ψ_{⌊⌈3⌋⌉}, to be distinguished from ^f_{μ̂ν̂ρ̂σ̂} due to the absence of components like ϕ_{μνρ8}. The subscripts ± are for the components A = ±, and the symbols P_{μν}^{ρσ}, P and N

– 10 – are projectors defined by [6, 3, 5] P_{μν}^{ρσ} ≡ + 2 3 ( δ_{⌊⌈μ}^ρδ_{ν⌋⌉}^σ + 1 4 ϕ_{μν}^{ρσ} ) , N_{μν}^{ρσ} ≡ + 1 3 ( δ_{⌊⌈μ}^ρδ_{ν⌋⌉}^σ − 1 2 ϕ_{μν}^{ρσ} ) , (3.8a) P ≡ + 1 8 (I + Ψ) , N ≡ + 7 8 ( I − 1 7 Ψ ) , Ψ ≡ + 1 4! ϕ^{⌊⌈4⌋⌉}γ_{⌊⌈4⌋⌉} = + i 3! ψ^{⌊⌈3⌋⌉}γ_{⌊⌈3⌋⌉} . (3.8b)

The important consistency is among the conditions (3.6) and (3.7) and supersymmetry (3.4), as was done in 8D. The simplest confirmation is the supersymmetric transformation of (3.6d) which vanishes upon (3.6b). Under (3.6a), the variation of (3.6b) under supersymmetry yields five different terms all of which vanish upon the use of other conditions (3.6).

The non-trivial ones are the supersymmetric variations of (3.6a), (3.6c) and (3.6e). The first one is

0^?= δ_Q ( F_{μν}^I − 1 2 ϕ_{μν}^{ρσ}F_{ρσ}^I )_∗ = − 6N_{μν}^{ρσ}(γ_ρ)_{αβ} (ϵ_{α+}D_σλ_{β−}^I )

∗= −6iN_{μν}^{ρσ} (ψ_{ραβ} + δ_{ρα}δ_{β8} − δ_{ρβ} δ_{α8}) (ϵ_{α+}D_σλ_{β−}^I ) , (3.9)

where use is made of the expression of the γ -matrix in terms of ψ [6]:

(γ_μ)_{αβ} = i(ψ_{μαβ} + δ_{μα}δ_{β8} − δ_{μβ} δ_{α8}) . (3.10)

Our next step is to see what components among the ϵ_+’s and λ_−’s have nonzero values. Note also that P and N can be expressed more explicitly like (3.10), as

P_{αβ} = δ_{α8}δ_{β8} , N_{αβ} = δ_{αβ} − δ_{α8}δ_{β8} . (3.11)

These with (3.7b), (3.7c) and (3.6c) imply that

ϵ_{α+}^∗= 0 (for α = 1, 2, . . . , 7) , ϵ_{8−}^∗= 0 , λ_{8−}^{I ∗}= 0 . (3.12)

In other words, there is only one non-zero component ϵ_{8+} in ϵ_+, only seven non-zero components in ϵ_−, and only seven non-zero components λ_{α−}^I (α = 1, 2, . . . , 7) in λ_−^I . This is also related to our notation N = 1/8 + 7/8, which we will be back shortly. Considering these, we simplify (3.9) as

0^?= − 6iN_{μν}^{ρσ}(ϵ_{8+}D_ρλ_{σ−}^I ) . (3.13)

We can finally show that this vanishes by the use of the λ -field equation

γ^μD_μλ_−^{I ·}= 0 . (3.14)

under (3.6d) and (3.6e). In fact, (3.14) yields with the aid of (3.10),

iψ^μ_{αβ}D_μλ_{β−}^I − δ_{α8}D^μλ_{μ−}^{I ∗}= 0 =⇒ ψ_μ^{ρσ}ϵ_{8+}D_ρλ_{σ−}^{I ∗}= 0 . (3.15)

Multiplying this by ψ_{τ λ}^μ, we get

N_{μν}^{ρσ}(ϵ_{8+}D_ρλ_{σ−}^I )^∗= 0 , (3.16)

due to the identity ψ_{μντ} ψ^{τ ρσ} = +6N_{μν}^{ρσ}. Eq. (3.16) means exactly the vanishing of the last side of (3.13), and therefore (3.9) is now confirmed.

– 11 –

The next one is the variation of (3.6e):

0^?= δ_QA^I = +i(ϵσ_1λ^I ) = +i(ϵ_+λ_−^I ) + i(ϵ_−λ_+^I ) ∗= +i(ϵ_+λ_−^I ) = +i(ϵ_+Pλ_−^I ) = 0 (Q.E.D.) , (3.17)

by help of (3.7b) and (3.6c). This justifies the necessity of the condition (3.6c).

The last non-trivial supersymmetric variation is δ_Q(Pλ_−^I ):

0^?= δ_Q(Pλ_−^I ) = Pδ_Qλ_−^I

∗= + i 8 γ^μϵ_+D_μB^I − 1 16 ψ_μ^{ρσ}γ^{(−)}_{ρσ} ϵ_+D_μB^I − i 48 ϕ_μ^{τ ρσ}γ_τ γ^{(−)}_{ρσ} ϵ_+D_μB^I ∗= − 1 16 (6iγ^μϵ_+ + ψ_μ^{ρσ}γ_{ρσ}ϵ_+) D_μB^I ∗= − 3i 8 ( iψ_{μαβ} + iδ_{μα}δ_{β8} − iδ_{μβ} δ_{α8} ) ϵ_{β+} − − 1 16 ψ_μ^{ρσ} ( ϕ_{ρσαβ} + ψ_{ρσα}δ_{β8} − ψ_{ρσα}δ_{β8} + 2δ_{ρα}δ_{σβ} ) ϵ_{β+} ∗= + 3 8 δ_{μα}ϵ_{8+} − 3 8 δ_{μα}ϵ_{8+} = 0 (Q.E.D.) , (3.18)

where we have used (3.6), (3.7) and (3.12), with other basic facts such as ψ_{μν8} = 0, etc., as well as the non-trivial identities

ϕ_{μν}^{ρσ}γ^{(−)}_{ρσ} = −4γ^{(−)}_{μν} , Ψγ^μ = + i 2 ψ_μ^{ρσ}γ_{ρσ} − 1 6 ϕ_μ^{⌊⌈3⌋⌉}γ_{⌊⌈3⌋⌉} , ⌊⌈ P, γ^{μν}_{(+)} ⌋⌉ = 0 , (3.19) with γ^{(−)}_{μν} ≡ N_{μν}^{ρσ}γ_{ρσ} , and the expression [6]

(γ_{μν} )_{αβ} = ϕ_{μναβ} + (ψ_{μνα}δ_{β8} − ψ_{μνβ} δ_{α8}) + (δ_{μα}δ_{νβ} − δ_{μβ} δ_{να}) . (3.20)

As an additional consistency check, we can study if all the field equations from (3.3) are consistent with (3.6). First, for the index A = − the λ -field equation is easily seen to be satisfied under (3.6). Second, for the index A = +, it dictates the field equation for λ_−^I , which has been already given in (3.14). Third, the A -field equation vanishes almost trivially under (3.6). Fourth, the sum of B and C -field equations vanish desirably under (3.6). Fifth, the difference of these equations yields the field equation for the active component 2B^{I ∗}= B^I − C^I . Sixth, the A_μ^I -field equation becomes simply D_ν F_μ^{ν I ∗}= 0 under (3.6). However, this can be skipped, because it is a necessary condition of the generalized duality (3.6a). As for the compatibility between Pλ_−^{I ∗}= 0 (3.6c) and the Dirac equation (3.14), we have already seen that the projector P makes only the 8-th component of λ_−^I vanish, with no problem with (3.14).

Therefore, our field equations for our N = 1/8 + 7/8 supersymmetric self-dual Yang- Mills theory are

γ^μD_μλ_−^{I ∗}= 0 , (3.21a) D^2_μB^{I ∗}= 0 . (3.21b)

– 12 –

Needless to say, we have also the supersymmetric self-duality condition (3.6) with the constrained parameter (3.7). This provides an additional confirmation of the consistency of our constraints (3.6) under (3.7).

Let now us study the closure of supersymmetry in our self-dual system. After imposing (3.6) and (3.7), the closure ⌊⌈δ_Q(ϵ_1), δ_Q(ϵ_2)⌋⌉ = δ_P (ξ^μ) now has the parameter for the translation P_μ:

ξ_μ = ϵ_{2α+} (γ_μ)_{αβ} ϵ_{1β−} − ϵ_{1α+}(γ_μ)_{αβ} ϵ_{2β−} = +ϵ_{18+} ϵ_{2μ−} − ϵ_{28+} ϵ_{1μ−} , (3.22)

where we used (3.10) and (3.12). In particular, the index 8 as in ϵ_{18+} is for the eighthcomponent of ϵ_{1α+} which is now in the 1 of G_2, while μ = 1, 2, . . . , 7 as the 7 of G_2. As this non-vanishing expression shows explicitly, there is a translation generated out of two supersymmetries, even within the reduced G_2 Lorentz covariance! Note that we have shown this as a classical system, instead of any quantized field theory. Of course, the original SO(7) Lorentz covariance is lost and reduced into G_2, but this is exactly how we want to formulate the self-dual supersymmetric Yang-Mills theory in 7D.

As in the previous 8D case, the caveat here is about the expression N = 1/8 + 7/8 supersymmetry. This is equivalent to a more precise expression N = (1/8)_+ + (7/8)_−, meaning that the original N = 2, i.e., N = 1_+ + 1_− consisting of two supersymmetries with + and − eigen-components of σ_3 are now reduced to N = (1/8)_+ + (7/8)_−. In other words, supersymmetry now undergoes peculiar constraints such as (3.12) that eliminates 7 components in Q_{α+}, and one component in Q_{α−}. Eventually, as (3.22) clearly shows, the effective spinor charges are now Q_{8+} and Q_{μ−}(μ = 1, 2, . . . , 7), while Q_{μ+} and Q_{8−} have been truncated. In terms of the Lorentz covariance breaking, eqs. (3.6c), (3.7b) and (3.7c) imply that under SO(7) → G_2, λ_−^I is reduced like 8 → 7, while ϵ_+ is reduced as 8 → 1, and ϵ_− as 8 → 7. In terms of supersymmetry algebra, the original N = 2 algebra

{Q_{αA}, Q_{βB} } = +(γ_ν )_{αβ}(σ_2)_{AB} P_ν = +(ψ_{ναβ} + δ_{να}δ_{β8} − δ_{νβ}δ_{α8})(σ_2)_{AB} P_ν , (3.23)

is now reduced into N = 1/8 + 7/8 as

{Q_{8+}, Q_{μ−}} = +iP_μ , (3.24)

where Q_{8+} is the 1 of G_2, while Q_{μ−} is the 7 of G_2.

We mention that the conditions (3.6b) and the constraint (3.7c) do not come from 8D via a simple dimensional reduction [15]. Even though this looks strange at first sight, it is natural from the viewpoint that simple dimensional reductions [15] may not respect the subtlety of the embedding of G_2 symmetry into the full SO(7) Lorentz covariance in 7D.

Note that the previous chirality in 8D needed for consistency with generalized selfduality is now converted into the eigenvectors for the projectors (I ± σ_3)/2 in 7D which is for ‘internal’ space. In other words, the superpartner condition for generalized selfduality in 7D requires the ‘chirality’ for the internal space, because odd dimensional space like 7D can not define chirality. Due to this internal chirality condition, the resulting supersymmetry in 7D becomes effectively N = 1/8 + 7/8 reduced from the initial N = 2

– 13 – in (3.3). It is not only the Lorentz symmetry reduced from SO(7) into G_2, but also the number of supersymmetries from N = 2 to N = 1/8 + 7/8 upon the requirement of generalized self-duality in 7D.

4. Concluding remarks

In this paper, we have presented a vector multiplet with generalized self-duality with N = (1/8, 1) supersymmetry in 8D, and a similar theory with N = 1/8 + 7/8 supersymmetry in 7D. This formulation is a generalization of the self-dual supersymmetric vector multiplet in 4D [8, 9] into higher dimensions 4 ≤ D ≤ 8. Even though we dealt only with the case of generalized self-dualities in 8D and 7D, we can repeat similar formulation for 5D and 6D.

By help of the special 4-th rank antisymmetric SO(7) -invariants f_{μνρσ} defined in terms of octonion structure constants ψ_{μνρ}(μ, ν, ρ = 1, 2, . . . , 7), we are able to define the generalized self-duality for the basic N = (1, 1) vector multiplet in 8D with non-trivial non-abelian interactions. The new ingredient in our formulation is the introduction of constraints on the supersymmetry parameter in 8D, in such a way that the chirality condition on the fermions will not delete all the degrees of freedom, consistently with N = (1/8, 1) supersymmetry. Due to the chirality condition required by self-duality, supersymmetry is also reduced from N = (1, 1) into N = (1/8, 1). Based on this result, we have also obtained an N = 2 supersymmetric vector multiplet in 7D by a simple dimensional reduction [15], and we have obtained certain N = 1/8 + 7/8 supersymmetric self-duality conditions in 7D, with extra constraints that are not from 8D. The expressions such as N = (1/8, 1) in 8D or N = 1/8 + 7/8 in 7D need some caution, because they respectively mean that the original N = (1, 1) or N = 2 supersymmetries are constrained under such peculiar constraints (2.15) or (3.12). This subtlety also reflects the important fact that in these self-dual supersymmetric models in 8D or 7D, the reduction of supersymmetries is much more sophisticated than other analogous cases without self-dualities. We have seen that the octonion structure constants, generalized self-duality, G_2 holonomy and generalized chirality are all closely related under N = (1/8, 1) supersymmetry in 8D, and N = 1/8 + 7/8 supersymmetry in 7D.

We have seen both in 8D and 7D that after imposing the supersymmetric self-duality conditions, the original lagrangian completely vanish up to a total divergence. This aspect is quite common in self-dual theories, such as supersymmetric self-dual Yang-Mills theories in D = 2+2[8, 9]. In fact, this was the first difficulty for action formulation for supersymmetric self-dual Yang-Mills theories in D = 2+2, as has been emphasized in [9]. A similar situation is found in Type IIB supergravity theory in 10D, where the kinetic term of a self-dual 4- th rank potential A_{μ1 ···μ4} vanishes identically, after imposing the self-duality condition on its field strength: F_{⌊⌈5⌋⌉}^∗= (1/5!)ϵ_{⌊⌈5⌋⌉}^{⌊⌈5⌋⌉′} F_{⌊⌈5⌋⌉}′ , because (F_{⌊⌈5⌋⌉})^{2 ∗}= 0. Since we are dealing with supersymmetric system, it is quite natural to have all the lagrangian terms vanishes, once supersymmetric self-duality conditions are imposed on all the fields, starting with the bosonic field strength of vector fields.

– 14 –

In order to avoid confusion or misunderstanding, we stress the following: the important aspect of the present result is that we have shown it is possible to formulate self-dual supersymmetric Yang-Mills theories in 8D and 7D at the classical level, instead of quantum level, with the original holonomy SO(8) or SO(7) reduced to Spin(7) or G_2, respectively. Of course, the original Lorentz symmetries in these theories are lost, but we can still manage the whole systems, working under appropriate supersymmetric constraints with the right projection operators. Note also that we have managed to formulate these theories, consistently with supersymmetries. There have been some works on self-dual theories and topological field theories based on quantized systems, such as those in [10, 17]. However, our main result in this paper is that we can formulate self-dual theories at the classical level, before quantization.

We also stress that our self-dual theory in 8D can be also regarded as the global supersymmetric version of self-dual supergravity in 8D given in [14]. In fact, in the next appendix we have performed the superspace reformulation of our component result for self-dual supersymmetric Yang-Mills theory in 8D, in order to verify the nontrivial features of reduced Lorentz symmetry Spin(7). As has been also clarified in [14] for self-dual supergravity in 8D, there is nothing wrong with imposing self-duality condition that reduces the original holonomy SO(8) into Spin(7), as has been explicitly demonstrated in superspace [14], consistently with local supersymmetry and general coordinate covariances as well.

There are some expected as well as non-trivial ingredients in our formulations. For example, we know that the bosonic field strength F_{μν} can undergo generalized self-duality in 8D [5, 3], anticipated from 4D self-duality [8, 9]. Moreover, recent studies on M-theory indicate the existence of such supersymmetric theories in 7D with G_2 holonomy in 11D supergravity compactified into 4D, in particular with certain Killing spinor conditions [3, 6, 5]. Such G_2 holonomy is in the mathematical sequence of holonomies of SO(7) ⊃ G_2 ⊃ SU(3) ⊃ SU(2) in D = 8, 7, 6 and 4, respectively. However, the constrained parameters of supersymmetry by (2.15) or (3.7) are non-trivial, because no conventional supermultiplet has such constraints.

Since our theory can be also dimensionally reduced into lower dimensions D < 8, our theory in 8D can serve as an important starting point of these self-dual supersymmetric Yang-Mills theories in 7 ≥ D ≥ 4. In particular, as we have seen, this includes the most interesting case of G_2 covariance in 7D [3], which is more relevant to the extra space in M-theory compactifications from 11D into 4D. Note also that supersymmetric generalized self-duality theory can serve as a underlying theory even for the self-dual theory in 4D [5] and [7]–[9],^7 which in turn had been supposed to be the origin of all the integrable models in dimensions in 3 ≥ D ≥ 1 [7].

In our self-dual supersymmetric theories, we saw that the substitutions of self-duality conditions (2.14), (2.17) or (3.6) back to the initial lagrangians (2.1) or (3.3) make these lagrangians vanish modulo a total divergence. This is similar to Type IIB theory in 10D,

7This statement is valid up to the signature of space-time. As a matter of fact, there is a non-compact G2 group as a subgroup of SO(4, 3) with the signature (+ + + + − − −), which might be more relevant in this context. We acknowledge M. Günaydin about this [18].

– 15 – related to the self-duality of the fifth-rank tensor F_{⌊⌈5⌋⌉}. The difference is that in the present case, all the fields will lose their initial degrees of freedom, because not only the F^2_{⌊⌈2⌋⌉} -term but all the kinetic terms vanish up to a total divergence.

We stress that our result in this paper provides the first explicit formulation of supersymmetric generalized self-dualities in 8D and 7D, to our knowledge. For example, the lagrangian for supersymmetric Yang-Mills multiplet (2.1) in euclidean 8D has been known for some time [11], before imposing generalized self-duality. Or non-supersymmetric generalized self-duality theories in higher-dimensions have been known for some time [3]–[5] and [11, 10]. However, the important point is that we have studied the mutual consistency among generalized self-dualities, reduced G_2 or Spin(7) symmetries [2]–[4], octonion algebra [6], Clifford algebra, chirality/parity, and supersymmetry, with supersymmetry parameters with peculiar constraints (2.15) and (3.7), not in a conjectural or abstract way, but in an explicit, detailed, self-contained and closed form.

The result of this paper shows another important aspect of supersymmetry. In the past, we have been more accustomed to supersymmetry or superspace with manifest Lorentz covariance in any space-time dimensions. However, our result here shows that there are many still unknown supersymmetric theories whose Lorentz covariance is not manifest, or partially broken, such as SO(8) → SO(7) in 8D, or SO(7) → G_2 in 7D. In fact, more supersymmetric theories with no manifest Lorentz covariance have been formulated nowadays, such as supersymmetric Yang-Mills theory in D ≥ 12 with no manifest Lorentz covariance [20, 21], or massive supergravity formulation with Killing vector in 11D [22], or teleparallel superspace formulation [23] with no manifest Lorentz connection. All of these results indicate the importance of no manifest Lorentz covariance, with more significance yet to be discovered in the future. Even though we have dealt in this paper only with global supersymmetry, our result provides with the foundation of locally supersymmetric cases, such as self-dual supergravity in 8D in terms of topological formulation [23] or in 7D with G_2 holonomy [24].

We are grateful to the referee of this paper who gave many important suggestions.

A. Superspace for self-dual supersymmetric Yang-Mills in 8D

This appendix is devoted to the superspace re-formulation of our self-dual supersymmetric Yang-Mills in 8D. This appendix will of great help for understanding our commutator algebra, and the total consistency of highly nontrivial self-dual system in 8D with the reduced Lorentz covariance Spin(7). From a superspace viewpoint, the formulation below is nothing but an analog with global supersymmetry of supergravity in superspace with the reduced holonomy Spin(7) [14].

Our superspace formulation for N = (1, 1) in 8D is based on the F - and T -Bianchi identities (BIds) ∇_{⌊⌈A}F_{BC)}^I − T_{⌊⌈AB|}^DF_{D|C)}^I ≡ 0 , (A.1a) ∇_{⌊⌈A}T_{BC)}^D − T_{⌊⌈AB|}^ET_{E|C)}^D − 1 2 R_{⌊⌈AB|e}^f (M_f^e)_{|C)}^D ≡ 0 , (A.1b)

– 16 – where the superfield strength F is defined by

F_{AB}^I ≡ ∇_{⌊⌈A}A_{B)}^I − T_{AB}^C A_C^I + f^{IJK}A_A^J A_B^K , (A.2)

in terms of the superpotential A_A^I . Only in this appendix for superspace, we use the different index convention, such as A, B, . . . for local Lorentz indices in superspace both for bosonic and fermionic indices: A ≡ (a, α), B ≡ (b, β), . . ., where a, b, . . . = 1, 2, . . . , 8 are for the bosonic, and α, β, . . . = 1, 2, . . . , 16 are for the fermionic indices. The superspace convention is also for the antisymmetrization, such as X_{⌊⌈AB)} ≡ X_{AB} − (−1)^{AB} X_{BA} with no factor 1/2, where the factor (−1)^{AB} counts the relative Grassmann parity of the indices A and B, as usual.

The field content of our system before imposing any self-duality conditions is (A_a^I , λ_α^I , B^I , C^I ). As usual, for a supersymmetric Yang-Mills theory, we set up the constraints, satisfying the BIds mainly at dimensions 0 ≤ d ≤ 1:

T_{αβ}^c = +i(γ^c)_{αβ} , T_{αβ}^γ = 0 , T_{αb}^D = 0 , T_{ab}^D = 0 , F_{αβ}^I = −iδ_{αβ}B^I + i(γ_9)_{αβ}C^I , F_{αb}^I = −i(γ_b)_{αβ}λ_β^I ≡ −i(γ_bλ^I )_α , ∇_αλ_β^I = − 1 4 (γ^{ab})_{αβ} F_{ab}^I − 1 2 (γ^a)_{αβ}∇_aB^I + 1 2 (γ_9γ^a)_{αβ}∇_aC^I + f^{IJK}(γ_9)_{αβ}B^J C^K , ∇_αB^I = −iλ_α^I , ∇_αC^I = −i(γ_9λ^I )_α , (A.3)

which are consistent with our component transformation rule (2.2).

As usual in superspace, the superfield equations for all the fields are obtained from BIds at d ≥ 1, as

i(∇/λ^I )_α + if^{IJK} λ_α^J B^K − if^{IJK} (γ_9λ^I )_αC^{K ·}= 0 , ∇_bF_a^{bI} − if^{IJK} (λ^J γ_aλ^K ) − f^{IJK} B^J ∇_aB^K + f^{IJK} C^J ∇_aC^{K ·}= 0 , ∇^2_aB^I + if^{IJK} (λ^J λ^K ) − f^{IJK}f^{KLM} B^LC^J C^{M ·}= 0 , ∇^2_aC^I + if^{IJK}(λ^J γ_9λ^K ) − f^{IJK}f^{KLM} B^J B^LC^{M ·}= 0 , (A.4)

which are nothing but superspace reformulation of our component field equations (2.4).

The supersymmetric self-duality conditions for N = (1/8, 1) supersymmetry can now be formulated, first with the restricted fermionic derivative: ∇_α ≡ (P∇)_α ≡ P_{αβ} ∇_β , P ≡ 1 8 (P + 1 2 f) , (A.5)

corresponding to (2.16). From now on, we use the undotted α, β, . . . = 1, 2, . . . , 8 for positive chirality fermionic indices, and dotted . α, . β, . . . = . 1, . 2, . . . , . 8 for negative chirality fermionic coordinates: α = (α, . α), β = (β, . β), . . ..

– 17 –

The supersymmetric self-duality conditions in components (2.15), and (2.19) are now given by the three superfield constraints:

λ_α^{I ∗}= 0 , (A.6a) P_{αβ} λ_β^{I ∗}= 0 , (A.6b) N_{ab}^{cd}F_{cd}^{I ∗}= 0 ⇐⇒ F_{ab}^{I ∗}= 1 2 f_{ab}^{cd}F_{cd}^I , (A.6c) ∇_a(B^I + C^I )^∗= 0 ⇐⇒ B^{I ∗}= − C^I . (A.6d)

The consistency among the constraints (A.5), as in component language in section 2, can be easily reconfirmed in superspace, based on the restricted fermionic derivative (A.5). As a typical example, we give the case of ∇_αλ_β^?= 0:

0^?= ∇_αλ_β^{I ∗}= − 1 4 (Pγ^{cd})_{αβ} F_{cd}^I − 1 2 f^{IJK}δ_{αβ} B^J C^K ∗= − 1 4 (Pγ^{cd}_{(+)})_{αβ} F^{(+)I}_{cd} ≡ 0 (Q.E.D.) . (A.7)

The last side vanishes, due to the identity

γ^{(+)}_{ab} P ≡ Pγ^{(+)}_{ab} ≡ 0 , (A.8)

which is equivalent to (2.16) and/or (2.17). This identity is confirmed by the use of (2.10) and (2.14). Needless to say, we have to also deal with ∇ ._αλ_β^?= 0 separately, which turns out to be straightforward under (A.6d). Other consistency confirmation among (A.6) can be also easily performed.

At this point, we reach the stage that such confirmations in superspace looks just parallel to the component language. For this reason, we skip other details such confirmations in this paper.

As a final point, we mention that the closure of supersymmetries is guaranteed to close into translation, even for the self-dual system. This can be easily seen, by recognizing that the supertorsion component T_{αβ}^c is now restricted to

T_α ._β^c = +i(Pγ^c)_α ._β , T ._{αβ}^c = +i(γ^cP) ._{αβ} , (A.9)

which is definitely non-vanishing, corresponding to the parameter of translation in (2.23).

We re-emphasize, however, that the confirmation of consistency in superspace provides a nontrivial cross examination of the validity of our total system, such as the commutator algebra, the consistency among supersymmetric self-duality conditions (A.5), together with the reduced Lorentz covariance Spin(7), all reformulated in superspace.

References

[1] C.M. Hull and P.K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438 (1995) 109 [hep-th/9410167];

– 18 –

E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B 443 (1995) 85 [hep-th/9503124];

P.K. Townsend, Four lectures on M-theory, in Proceedings of ICTP summer school on high energy physics and cosmology, Trieste, June 1996, hep-th/9612121; M-theory from its superalgebra, hep-th/9712004;

T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[2] M.A. Awada, M.J. Duff and C.N. Pope, N = 8 supergravity breaks down to N = 1, Phys.

Rev. Lett. 50 (1983) 294;

M.J. Duff, B.E.W. Nilsson and C.N. Pope, Spontaneous supersymmetry breaking by the squashed seven sphere, Phys. Rev. Lett. 50 (1983) 2043;

D.D. Joyce, Compact riemannian 7-manifolds with holonomy G_2, I, J. Diff. Geom. 43 (1996) 291; Compact riemannian 7-manifolds with holonomy G_2, II, J. Diff. Geom. 43 (1996) 329.

[3] B.S. Acharya and M. O’Loughlin, Self-duality in D = 8-dimensional euclidean gravity, Phys.

Rev. D 55 (1997) 4521 [hep-th/9612182];

M. Günaydin and H. Nicolai, Seven-dimensional octonionic Yang-Mills instanton and its extension to an heterotic string soliton, Phys. Lett. B 351 (1995) 169 [hep-th/9502009]; I. Bakas, E.G. Floratos and A. Kehagias, Octonionic gravitational instantons, Phys. Lett. B 445 (1998) 69 [hep-th/9810042];

E.G. Floratos and A. Kehagias, Eight-dimensional self-dual spaces, Phys. Lett. B 427 (1998) 283 [hep-th/9802107];

N. Hitchin, Stable forms and special metrics, math.DG/0107101;

M. Cvetič, G.W. Gibbons, H. Lu and C.N. Pope, Hyper-Kähler calabi metrics, L^2 harmonic forms, resolved M2-branes and AdS_4/CF T_3 correspondence, Nucl. Phys. B 617 (2001) 151 [hep-th/0102185]; Cohomogeneity one manifolds of Spin(7) and G_2 holonomy, Phys. Rev. D 65 (2002) 106004 [hep-th/0108245];

B. Acharya and E. Witten, Chiral fermions from manifolds of G_2 holonomy,

hep-th/0109152;

A. Brandhuber, G_2 holonomy spaces from invariant three-forms, Nucl. Phys. B 629 (2002) 393 [hep-th/0112113];

S. Gukov and J. Sparks, M-theory on Spin(7) manifolds, I, Nucl. Phys. B 625 (2002) 3 [hep-th/0109025];

A. Bilal, J.P. Derendinger and K. Sfetsos, (weak) G_2 holonomy from self-duality, flux and supersymmetry, Nucl. Phys. B 628 (2002) 112 [hep-th/0111274].

[4] For reviews, see, e.g., M. Atiyah and E. Witten, M-theory dynamics on a manifold of G_2 holonomy, Adv. Theor. Math. Phys. 6 (2003) 1 [hep-th/0107177];

M.J. Duff, M-theory on manifolds of G_2 holonomy: the first twenty years, hep-th/0201062; C.I. Lazaroiu and L. Anguelova, M-theory compactifications on certain ‘toric’ cones of G_2 holonomy, J. High Energy Phys. 01 (2003) 066 [hep-th/0204249], and references therein.

[5] E. Corrigan, C. Devchand, D.B. Fairlie and J. Nuyts, First order equations for gauge fields in spaces of dimension greater than four, Nucl. Phys. B 214 (1983) 452; R.S. Ward, Completely solvable gauge field equations in dimension greater than four, Nucl. Phys. B 236 (1984) 381;

A.K. Das, E. Sezgin and Z. Khviengia, Selfduality in (3+3)-dimensions and the KP equation, Phys. Lett. B 289 (1992) 347 [hep-th/9206076];

K. Sfetsos, Integrable reductions of Spin(7) and G_2 invariant self-dual Yang-Mills equations and gravity, Nucl. Phys. B 629 (2002) 417 [hep-th/0112117].

– 19 –

[6] M. Günaydin and F. Gürsey, Quark structure and octonions, J. Math. Phys. 14 (1973) 1651;

F. Gürsey and C.-H. Tze, Octonionic torsion on S_7 and Englert’s compactification of D = 11 supergravity, Phys. Lett. B 127 (1983) 191;

B. de Wit and H. Nicolai, The parallelizing S_7 torsion in gauged N = 8 supergravity, Nucl. Phys. B 231 (1984) 506;

M. Günaydin and H. Nicolai, Seven-dimensional octonionic Yang-Mills instanton and its extension to an heterotic string soliton, Phys. Lett. B 351 (1995) 169 [hep-th/9502009], addendum ibid. B 376 (1996) 329;

S. Fubini and H. Nicolai, The octonionic instanton, Phys. Lett. B 155 (1985) 369; D.B. Fairlie and J. Nuyts, Spherically symmetric solutions of gauge theories in eight-dimensions, J. Phys. A 17 (1984) 2867;

R. Dündarer, F. Gürsey and C.-H. Tze, Selfduality and octonionic analyticity of S_7 valued antisymmetric fields in eight-dimensions, Nucl. Phys. B 266 (1986) 440.

[7] M.F. Atiyah, R.S. Ward, Instantons and algebraic geometry, Commun. Math. Phys. 55 (1977) 117;

R.S. Ward, On selfdual gauge fields, Phys. Lett. A 61 (1977) 81; Selfdual gauge fields, Surveys High Energy Phys 1 (1980) 289; Integrable and solvable systems, and relations among them, Phil. Trans. Roy. Soc. Lond. A315 (1985) 451.

[8] W. Siegel, N = 2, N = 4 string theory is selfdual N = 4 Yang-Mills theory, Phys. Rev. D 46 (1992) 3235; Selfdual N = 8 supergravity as closed N = 2 (N = 4) strings, Phys. Rev. D 47 (1993) 2504 [hep-th/9207043];

A. Parkes, A cubic action for selfdual Yang-Mills, Phys. Lett. B 286 (1992) 265 [hep-th/9203074].

[9] S.V. Ketov, H. Nishino and S.J. Gates Jr., Majorana-weyl spinors and selfdual gauge fields in (2+2)-dimensions, Phys. Lett. B 307 (1993) 323 [hep-th/9203081]; H. Nishino, S.J. Gates Jr. and S.V. Ketov, Supersymmetric selfdual Yang-Mills and supergravity as background of Green-Schwarz superstring, Phys. Lett. B 307 (1993) 331 [hep-th/9203080]; Extended supersymmetry and selfduality in (2+2)-dimensions, Phys. Lett. B 297 (1992) 99 [hep-th/9203078];

Selfdual supersymmetry and supergravity in atiyah-ward space-time, Nucl. Phys. B 393 (1993) 149 [hep-th/9207042];

H. Nishino, Selfdual supergravity and supersymmetric Yang-Mills coupled to Green-Schwarz superstring, Int. J. Mod. Phys. A 9 (1994) 3077 [hep-th/9211042].

[10] L. Baulieu, H. Kanno and I.M. Singer, Cohomological Yang-Mills theory in eight dimensions, talk given at APCTP Winter School on Dualities in string theory, Sokcho, Korea, Feb. 24-28, 1997 [hep-th/9705127];

L. Baulieu, H. Kanno and I.M. Singer, Special quantum field theories in eight and other dimensions, Commun. Math. Phys. 194 (1998) 149 [hep-th/9704167]; L. Baulieu, A. Losev and N. Nekrasov, Chern-Simons and twisted supersymmetry in various dimensions, Nucl. Phys. B 522 (1998) 82 [hep-th/9707174];

L. Baulieu and C. Laroche, On generalized self-duality equations towards supersymmetric quantum field theories of forms, Mod. Phys. Lett. A 13 (1998) 1115 [hep-th/9801014].

[11] B.S. Acharya, M. O’Loughlin and B. Spence, Higher-dimensional analogues of Donaldson-Witten theory, Nucl. Phys. B 503 (1997) 657 [hep-th/9705138].

[12] See, e.g., M. Blau and G. Thompson, Euclidean sym theories by time reduction and special holonomy manifolds, Phys. Lett. B 415 (1997) 242 [hep-th/9706225];

– 20 –

J.M. Figueroa-O’Farrill, C. Kohl and B. Spence, Supersymmetric Yang-Mills, octonionic instantons and triholomorphic curves, Nucl. Phys. B 521 (1998) 419 [hep-th/9710082]; B.S. Acharya, J.M. Figueroa-O’Farrill, B. Spence and M. O’Loughlin, Euclidean D-branes and higher-dimensional gauge theory, Nucl. Phys. B 514 (1998) 583 [hep-th/9707118].

[13] Supergravities in diverse dimensions, A. Salam and E. Sezgin eds., North

Holland/World-Scientific 1989, vol. 1, p. 5.

[14] H. Nishino and S. Rajpoot, Self-dual n = (1, 0) supergravity in eight dimensions with reduced holonomy Spin(7), Phys. Lett. B 564 (2003) 269 [hep-th/0302059].

[15] J. Scherk and J.H. Schwarz, How to get masses from extra dimensions, Nucl. Phys. B 153 (1979) 61.

[16] H. Nishino and S.J. Gates Jr., Manifestly supersymmetric extensions of (curvature)^2 terms in six-dimensional N = 2 supergravity, Phys. Lett. B 173 (1986) 417.

[17] L. Baulieu and S.L. Shatashvili, Duality from topological symmetry, J. High Energy Phys. 03 (1999) 011 [hep-th/9811198];

L. Baulieu and E. Rabinovici, Self-duality and new TQFTS for forms, J. High Energy Phys. 06 (1998) 006 [hep-th/9805122];

L. Baulieu, M. Bellon and A. Tanzini, Eight-dimensional topological gravity and its correspondence with supergravity, Phys. Lett. B 543 (2002) 291 [hep-th/0207020]; L. Baulieu, Gravitational topological quantum field theory versus N = 2 D = 8 supergravity,

hep-th/0304221.

[18] M. Günaydin, private communication.

[19] H. Nishino and E. Sezgin, Supersymmetric Yang-Mills equations in 10 + 2 dimensions, Phys.

Lett. B 388 (1996) 569 [hep-th/9607185];

H. Nishino, Supersymmetric Yang-Mills theories in D = 12, Nucl. Phys. B 523 (1998) 450 [hep-th/9708064]; Lagrangian and covariant field equations for supersymmetric Yang-Mills theory in 12D, Phys. Lett. B 426 (1998) 64 [hep-th/9710141].

[20] H. Nishino, Twelve-dimensional supersymmetric gauge theory as the large-N limit, Phys.

Lett. B 452 (1999) 265 [hep-th/9901104].

[21] E. Bergshoeff, Y. Lozano and T. Ortin, Massive branes, Nucl. Phys. B 518 (1998) 363 [hep-th/9712115].

[22] S.J. Gates Jr., H. Nishino and S. Rajpoot, Teleparallel superspace in eleven dimensions coupled to supermembranes, Phys. Rev. D 65 (2002) 024013 [hep-th/0107155].

[23] L. Baulieu, M. Bellon and A. Tanzini, Eight-dimensional topological gravity and its correspondence with supergravity, Phys. Lett. B 543 (2002) 291 [hep-th/0207020].

[24] H. Nishino and S. Rajpoot, Self-dual supergravity in seven dimensions with reduced holonomy G_2, Phys. Lett. B 569 (2003) 102 [hep-th/0306075].

– 21 –